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Let p be a prime, G a ﬁnite p-group, r the rank of G and e the
exponent of G . In this short note we will prove that the exponent
of the Schur multiplier of G divides pe+rlog2(
r log2 p+1
p−1 ).
© 2010 Elsevier Inc. All rights reserved.
Throughout the text let p be a ﬁx but arbitrary prime number. We will use standard notation in
group theory. Commutators will be written using left notation and we will write [N, kM] to denote
the commutator [N,M, . . . ,M] with M appearing k times. If G is a ﬁnite p-group, γi(G) will denote
the lower central series, Dk(G) the dimension subgroup series and Gp
i
the subgroups generated by
the pi-powers of G . For a ﬁnite p-group G , let M(G) denote the Schur multiplier of G and exp(M(G))
the exponent of M(G). A classical result of A. Lubotzky and A. Mann [6] states the following.
Theorem 1 (Lubotzky–Mann, 1987). Let G be a ﬁnite p-group, r the rank of G and e the exponent of G. Then
exp(M(G)) divides
pe+rlog2 r,
if p is odd, and
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if p = 2.
Proof. See Proposition 2.6 and Proposition 4.2.6 of [6] for odd and even primes respectively. 
As far as we know the bound of Lubotzky and Mann has not been improved in the last 23 years.
We will prove the following.
Theorem 2. Let G be a ﬁnite p-group, r the rank of G and e the exponent of G. Then exp(M(G)) divides
pe+rlog2(
r log2 p+1
p−1 ).
For p odd this bound represents only a slight improvement of the previous one given by Lubotzky
and Mann. However, for p = 2 the square in the formula is removed. That is, for p = 2 one has that
exp(M(G)) divides 2e+rlog2(r+1) .
The tools we will use are dimension subgroups, potent ﬁltrations, as introduced by the ﬁrst author
together with G. Fernández-Alcober and A. Jaikin-Zapirain in [2], and two results by M.R. Jones and
J. Wiegold and by P. Moravec (see Theorems 5 and 6). Let us start by deﬁning dimension subgroups.
Let G be a ﬁnite p-group. Following [1], deﬁne a descending series of characteristic subgroups
Dn(G), n 1, such that D1(G) = G and for all n > 1
Dn(G) = Dn∗(G)p
∏
i+ j=n
[
Di(G), D j(G)
]
,
where n∗ = n/p. These subgroups are called dimension subgroups of G . In an equivalent way these
subgroups can be described using the closed formula discovered by Lazard (see Theorem 11.2 of [1])
Dn(G) =
∏
ip jn
γi(G)
p j .
From this formula it is clear that γi(G)  Di(G) for all i. To ease the notation from now on we will
put Dn for Dn(G). The main properties of these subgroups are summarized in the next result.
Lemma 3. Let G be a ﬁnite p-group and N a normal subgroup of G. Then
(1) [Di, D j] Di+ j,
(2) Dpi  Dip,
(3) Di(D j(G)) Dij(G),
(4) [N, r Di] [N,G]p[N, riG],
(5) Dn = Dpn∗γn(G), for all positive integer n.
Proof. A proof of (1) and (2) can be found in [1, Chapter 11]. Property (3) follows from (1) and (2).
For property (4) see [3, Lemma 4.1]. For the last one, see [1, Proposition 11.12]. 
Now we introduce the concept of potent ﬁltration. If G is a p-group, a family {Ni}i∈N of subgroups
of G is a potent ﬁltration of G , see [2], if the following conditions hold:
(1) Ni  N j for all i  j,
(2)
⋂
i∈N Ni = 1,
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(4) [Ni, p−1G] Npi+1 for all i.
If there is a potent ﬁltration of G starting from a subgroup N  G , we say that N is PF-embedded in G .
Also, if G is PF-embedded in itself, G is said to be a PF-group.
Next we prove that the dimension subgroup Ds is a PF-group for a proper choice of s.
Proposition 4. Let G be a ﬁnite p-group of rank r. Let s  r log2 p+1p−1 , then {Dl}ls is a potent ﬁltration of Ds.
Proof. From its deﬁnition, it is clear that Dl  Dm for all l m. Since G is nilpotent,
⋂
ls Dl = 1.
Finally, from Lemma 3 it follows that [Dl,G]  Dl+1 for all l  s. So we only need to prove that
[Dl, p−1Ds] Dpl+1 for all l s.
Fix l s. From Lemma 3 we have that
[Dl, p−1Ds] [Dl,G]p[Dl, (p−1)sG] Dpl+1[Dl+1, (p−1)s−1G]. (1)
Now, consider the following chain
Dl+1  D2(l+1)  D22(l+1)  · · · D2log2 p(l+1).
Since G has rank r, notice that |D2i(l+1) : D2i+1(l+1)| pr for all i. Hence
|Dl+1 : Dp(l+1)| |Dl+1 : D2log2 p(l+1)| prlog2 p.
Then, the choice of the integer s ensures that
[Dl+1, (p−1)s−1G] Dp(l+1).
By Lemma 3 we have that Dp(l+1) = Dpl+1γp(l+1)(G). Moreover, γi(G)  Di for all i, so γp(l+1)(G) [Dl+1, (p−1)(l+1)G] [Dl+1, (p−1)sG]. Thus
[Dl+1, (p−1)s−1G] Dpl+1[Dl+1, (p−1)sG].
From [5, Lemma 4.9], it follows that [Dl+1, (p−1)s−1G]  Dpl+1 and from Eq. (1) we conclude that
[Dl, p−1Ds] Dpl+1 as desired. 
Before we prove the bound of the exponent of the Schur multiplier, we need two more results.
The ﬁrst one is a result by M.R. Jones and J. Wiegold [4].
Theorem 5 (Jones–Wiegold). Let G be any ﬁnite group, and A a subgroup of index n in G. Then the group
M(G)n of the n-th powers of the elements of M(G) is isomorphic to a subgroup of M(A).
Proof. See [4]. 
The second one is a result by P. Moravec [7].
Theorem 6 (Moravec). Let G be a PF-group. Then the exponent of M(G) divides the exponent of G.
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We are now ready to prove Theorem 2.
Theorem 2. Let G be a ﬁnite p-group, r the rank of G and e the exponent of G. Then exp(M(G)) divides
pe+rlog2(
r log2 p+1
p−1 ).
Proof of Theorem 2. Take s =  r log2 p+1p−1  and let us consider the descending series of dimension
subgroups
G = D1  D2  D22  D23  · · · D2i ,
where i = log2 s. Then, if G has rank r, we have that
|G : Ds| |G : D2i | prlog2 s.
By Theorem 5 and the previous inequality, M(G)p
rlog2 s is isomorphic to a subgroup of M(Ds). By
Proposition 4, Ds is a PF-group. Now, the claim follows from Theorem 6. 
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